Abstract. We construct the first examples of manifolds, the simplest one being S 3 ×S 4 ×R 5 , which admit infinitely many complete nonnegatively curved metrics with pairwise nonhomeomorphic souls.
product with the identity map of R n+1 . Exotic 7-spheres are stably parallelizable, so they all become diffeomorphic after taking the product with R 8 , and in fact it suffices to take product with R 5 . A homotopy 7-sphere is called a Milnor sphere if it is diffeomorphic to the total space of an S 3 -bundle over S 4 ; it is known that 10 out of 14 homotopy 7-spheres are Milnor. According to [GZ00] , any Milnor sphere carries a metric with sec ≥ 0, which leads to the following.
Proposition 3. For every Milnor sphere Σ, the manifold S 7 × R 5 has a complete Riemannian metric of sec ≥ 0 with soul diffeomorphic to Σ.
Gromoll and Tapp recently classified [GT01] all nonnegatively curved metrics on S 2 × R 2 , and asked for a similar classification on S n × R k . The above proposition indicates that such a classification would be rather involved.
It would be interesting to classify the total spaces of S 3 -bundles over S 4 with nonzero Euler class up to tangential homotopy equivalence. Indeed, by Masur's theorem such a classification should lead to an analog of Proposition 3, with S 7 replaced by any S 3 -bundle S over S 4 with nonzero Euler class. It is worth mentioning that nonvanishing of the Euler class implies that the homotopy type of S contains at most finitely many nondiffeomorphic S 3 -bundles over S 4 [Tam58] (cf. [CE00] ). It is easy to construct manifolds admitting two nonnegatively curved metrics with pairwise nonhomeomorphic souls. Here we describe two such situations where souls are lens spaces, or simply-connected homogeneous manifolds.
Example 4. It is well known [Coh73, pp. 96 , 100] that the lens spaces L(7, 1) and L(7, 2) are homotopy equivalent, but not simply-homotopy equivalent (hence nonhomeomorphic). Orientable 3-manifolds are parallelizable, so any homotopy equivalence of L(7, 1), L(7, 2) is tangential, and therefore [Sie69, Theorem 2.3] we get a diffeomorphism of manifolds L(7, 1) × R 4 and L(7, 2) × R 4 admitting obvious product metrics of sec ≥ 0 with souls L(7, 1) × {0}, L(7, 2) × {0}. Since every homotopy type contains at most finitely many nonhomeomorphic lens spaces, this procedure yields only finitely many pairwise nonhomeomorphic souls on a given manifold.
Proposition 5. If i is a positive integer divisible by 24, then there is a compact homogeneous space G/H homotopy equivalent but not homeomorphic to
S 4i−1 × S 4 , such that for n > 4i +3, the manifold G/H × R n carries
two complete nonnegatively curved metrics with souls diffeomorphic to G/H and S
The above-mentioned result of Siebenmann [Sie69, Theorem 2.2] states that if ξ is a rank > 2 vector bundle over a compact manifold, and the total space E(ξ) of ξ contains a smooth compact submanifold S such that the inclusion S → E(ξ) is a homotopy equivalence, then E(ξ) has a vector bundle structure with zero section S.
Then it easily follows [Sie69, Theorem 2.3] that if t is tangential homotopy equivalence of n-manifolds, each being the total space of a vector bundle over a compact smooth manifold of dimension less than the rank of the bundle, then t is homotopic to a diffeomorphism. The upshot is that the total space of vector bundle of sufficiently large rank often has many other vector bundle structures, perhaps with nonhomeomorphic base spaces, and this fact plays a crucial role in this note.
Proof of Theorem 2.
In what follows we denote the total space of a vector bundle ζ by E(ζ), and the associated sphere bundle by S(ζ). Principal SO(3)-bundles over S 4 are in one-to-one correspondence with π 4 (BSO(3)) ∼ = Z. Let P k be the principal SO(3)-bundle over S 4 corresponding to k ∈ π 4 (BSO(3)). Let ξ n k be the rank n vector bundle over S 4 associated with P k via the standard inclusion SO(3) → SO(n).
Let P k,l be the principal SO(3) × SO(3)-bundle over S 4 which is the pullback of P k × P l via the diagonal map :
is also the total space of a rank n vector bundle over S(ξ 
